Kepler's models for planetary orbits
Johannes Kepler is well known for his three planetary laws. He constructed many models for planetary orbits before he found his first two laws. Following Whiteside's method in [10] , we describe Kepler's several models by using polar coordinates (r, φ) on the orbital plane of a planet, where r is the distance between the sun S and the planet P , φ is the true (equated) anomaly of the planet. We also use the Cartesian coordinates x = r cos φ, y = r sin φ. The parameter φ attains 0 when P is at the aphehion A and φ = π when P is at the perihelion P e . We normalize the distance r so that (1/2)(SA + SP e) = 1. Kepler's successful study of planetary orbits was based on his vicarious orbit. In this model he assumed an eccentric circular orbit model with an equant F on the line segment AP e . In this model the planet P moves with a constant angular velocity with respect to this point F . The points F, C = (1/2)(A + P e ), S on the line y = 0 are expressed as F = (2e, 0), C = (λe, 0), S = (0, 0) for some constants 0 < e < 1, 1 < λ < 2, λe < 1. For the planet Mars, the constant e is about 1/11 and Kepler used the value λ = 1.22. For this model r = r(φ) is expressed as
This model provides rather fine equated anomalies ∠ASP as the functions of the mean anomalies ∠AF P . However Kepler found that the distance r = SP predicted by this model was far from the value estimated from observations. He recognized the importance of Ptolemy's assumption F C = CS = e, that is, λ = 1. Then he got a prototype of the area law. The mean anomaly θ of a planet P is given by
if we use a parameter β = ∠ACP with λ = 1 and a fictious planet P lies on the circle (x−e) 2 +y 2 = 1. However, Kepler used these parameters β, θ to research the true position of the planet, he thought that the true position of the planet was at a point on an oval in the disc (x − e) 2 + y 2 < 1 for 0 < β < π. Fladt [5] rigidly formulated such an oval in a modern mathematical style. Davis [4] formulated the same model in another way. Their formulations were based on Chapter 30 of "Astronomia Nova" ( [6, 7] ). This orbit model lies on a quartic algebraic curve (cf. [8] Kepler found the discrepancy between the equated anomaly predicted by the models r 2 (φ) or r 3 (φ) and the nearly true equated anomaly predicted by the model r 1 (φ). He supposed that the true orbit was nearly at the midway between the circle r 1 (φ) and an oval r 3 (φ). He also found that the diametral distance r = r[β] = 1 + e cos β, (1.6) was the true distance for the eccentric anomaly β. He assumed this distance and the reciprocation of a planet on the line joining (e, 0) and (e+ cos β, sin β). This led him to a fictious model given by The term − 2 e 2 sin 2 φ in the Taylor expansion of r j (φ) for some 2 > 0 determines the sizes of the Keplerian planetary eggs as the large-grade curve if 2 = 1 (cf. [3] ). Kepler deduced the true elliptical orbit essentially from the two laws (1.2) and (1.6). We shall verify this deduction from a modern view point by using Newton's revolving orbit method (cf. [2] ). The true ellipse r = r 6 (φ) satisfies the equation
for a = 1/(1 − e 2 ) and b = −e/(1 − e 2 ). In the study of the planetary motion in [6, 7] , Kepler assumed that r = 1 + e for φ = 0 and r = 1 − e for φ = π. He expressed the orbit r = r(φ) by using a parameter β. The mean anomaly (1.2) is proportional to the area
So it is interpreted as
for some constant c > 0. For the true elliptical orbit r = r 6 (φ), the constant c is
Generalization
We shall generalize his idea. We assume the condition r = 1 + e for φ = 0. But we remove the condition r = 1 − e for φ = π. We introduce a new orbit
with a = 1/(1 − e 2 ), b = −e/(1 − e 2 ) and r = 1 + e cos β. We consider a central force
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where M is an arbitrary positive constant. We shall consider the motion of a point mass under the central force (2.2). The equation of motion is given by
The potential function V (r) corresponding to the force (2.2) is given by
We assume the angular momentum of a point mass
Then the total energy of a point mass becomes
From (2.5), we obtain that the orbit r = r(φ) under the central force f (r) becomes
On the other hand, the curve (2.1) is represented as
and thus dφ dr
By choosing
the right hand side of (1.7) is exactly the same as the right hand side of (2.6). Therefore, the curve (2.1) is realized as the orbit of a point mass under the central force (2.2) satisfying conditions (2.3),(2.4) and (2.8). We can find that the laws (1.2)' and (1.6) and the assumption r = 1+e for φ = 0 imply the orbit (2.1) for some K > 0. The condition r = 1− e for φ = π implies K = (2 − 1)π for some = 1, 2, 3, . . .. If we assume that r = r(φ) is monotone decreasing on 0 ≤ φ ≤ π and r(0) = 0, r(π) = π, we arrive at Kepler's final conclusion (1.9).
